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USSR
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Abstract. We show that the massless Dirac equation and Maxwell equations are invariant
under a 23-dimensional Lie algebra, which is isomorphic to the Lie algebra of the group
C,®U(2)®U(2). It is also demonstrated that any Poincaré-invariant equation for a
particle of zero mass and of discrete spin provide a unitary representation of the conformal
group and that the conformal group generators may be expressed via the generators of the
Poincaré group.

1. Introduction

Bateman (1909) and Cunningham (1909) discovered that Maxwell’s equations for a
free electromagnetic field were invariant under conformal transformations. Nearly fifty
years ago the conformal invariance of an arbitrary relativistic equation for a massless
particle with discrete spin was established by Dirac (1936) for a spin-3 particle and by
McLennan (1956) for a particle of any spin.

Until now the question of whether the conformal group is the maximally extensive
symmetry group for the equations of motion for massless particles remained unsettled.
A positive answer to this question has been obtained only in the frame of the classical
Sofus-Lie approach (Ovsjannicov 1978), but as has been found recently, Lie methods
do not permit the possibility to obtain all possible symmetry groups of differential
equations.

The restriction of the Lie method is that it applies only to those symmetry groups
whose generators belong to the class of differential operators of first order. Using the
non-Lie approach, in which the group generators may be differential operators of any
order and even integro-differential operators, the new invariance groups of relativistic
wave equations have been found (Fushchich 1970, 1971, 1973, 1974). It was demon-
strated that any Poincaré-invariant equation for a free particle of spin $ =3 possessed
additional invariance under the group SU(2) ® SU(2) (Fushchich 1970, 1971); that the
Kemmer-Duffin-Petiau equation was invariant under the group SU(3)®SU(3), and
that the Rarita-Schwinger equation was invariant under the group O(6)®O(6) was
deminstrated by Nikitin er al (1976) and by Fushchich and Nikitin (1977a). The
non-Lie approach was also used successfully to obtain the symmetry groups of the Dirac
and Kemmer-Duffin—Petiau equations describing the particles in an external elec-
tromagnetic field (Fushchich and Nikitin 1978). Other examples of symmetries which
cannot be obtained in the classical Lie approach are the symmetry groups of the
non-relativistic oscillator (Levi-Leblond 1971) and of the hydrogen atom (Fock 1935).
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748 V I Fushchich and A G Nikitin

In the present paper, we have found the new symmetry groups of the massless Dirac
equation and of Maxwell’s equations using a non-Lie approach. These groups are
generated not by the transformations of coordinates, but by the transformations of the
Dirac wavefunction ¥ and the vectors of the electric field E and the magnetic field H of
the type

VoW = f(V, a¥/ax, °V/0xa0%s, . . . ) (1.1)
E->E =g(E H,0E/ox, 0H/0xa " E/3x,0%0, 3 H/8X20%p, . . . )

2
H-~>H'=h(E, H,3E/3x,, dH/0x4, 8" E/3x,9xs, 8 H/3X,9%s, . . .) 2
where the functions f and g, b may depend on any order derivatives of ¥ and E, H
respectively.

It is demonstrated that Maxwell’s equations are invariant under the group
U(2)®U(2); the explicit forms of the functions g and & in (1.2), which generate the
transformations of such a group, are found. It is also shown that the Dirac equation
(with m = 0) and Maxwell’s equations are invariant under a 23-parametrical Lie group,
which is isomorphic to the group C,®U((2)®U(2). The results obtained admit
immediate generalisation to the relativistic wave equations for massless particles of any
spin. The conformal group generators which leave the Weyl equation and the massless
Dirac equation invariant are expressed in a form which is transparently Hermitian. Itis
demonstrated that any (generally speaking, reducible) representation of a Poincare
group, which corresponds to zero mass and discrete spin, may be extended to the
conformal group representation. The explicit expression for the generators of the
conformal group C, via the generators of the Poincaré group P(1, 3) has been found.
We therefore give a constructive proof of the statement that any relativistic equation for
a discrete spin and zero-mass particle provides the unitary representation of the
conformal group (for Maxwell and Bargman-Wigner equations this has been demon-
strated by Gross (1964)).

2. The Hermitian representation of the conformal group generators for any spin

The conformal invariance properties of any relativistic equation of motion for a particle
of zero mass and of discrete spin may be formulated by the following statement.

Theorem 1. Any Poincaré-invariant equation for a zero-mass and discrete spin
particle is invariant under the conformal algebra C, 1, basis elements of which are given
by the operators P,, J,, and

D ==3[PyP./P?, Joa].

(2.1)
K, =35([Po/P*, [Jon, J 6 1) =[P/ P?, JosJ 06 14) + g s (P/ PP)(A* =)
where P, and J,, are the basis elements of algebra P(1, 3),
[A,B]l.= AB+BA P*=P}+P3+P} A =%€ad sP.P;}

and D, K, are the operators which extend the algebra P(1, 3) to the algebra C.

t We use the same notation for the groups and for the corresponding Lie algebras.
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Proof. Inasmuch as the operators P, and J,, by definition satisfy the algebra
[PM,P,,]_=0 [J;.:.wPA:l—=i(gvAPu—guAPv)
[Ju.v, JAU]— = i(gw\Jy,a +gp.koA _gy.)o]vr.r —gvaJuA )7

the theorem proof is reduced to the verification of the correctness of the following
commutation relations:

(2.2)

[Ju.m KA]— = i(gvAKu. - gI.LAKV)

(2.3)
(K., P)-=2i(g..D—J..)

[D,P,)-=iP, [D,K,]-=-iK,

(K. K.]-=0 Jun D]-=0,

which determine together with (2.2) the algebra C, (see, e.g., Mack and Salam 1969). It
is not difficult to carry out such a verification, bearing in mind that for the set of solutions
of any relativistic equation for a particle of zero mass and of discrete spin the following
relations are satisfied:

P.P*=0 W, W*=0 W, =AP, (2.4)
where W, is the Lubansky-Pauli vector
W,= %Guvpajuwpw

So the formulae (2.1) have determined the explicit form of the conformal group
generators via the given generators P,,, J ., of the group P(1, 3). The theorem is proved.

We note that the generators K,, and D are written in a transparently Hermitian
form, and hence they generate the unitary representation of the conformal group. The
constructive character of theorem 1 will be demonstrated in the next section.

3. Manifestly Hermitian representation of the conformal group generators for Dirac
and Weyl equations

The results given above may be used to find the explicit form of the generators of the
conformal group representation, which is realised on the set of solutions of any
relativistic equation for a massless particle. In thissection we shall demonstrate it by the
examples of the massless Dirac equation and of the Weyl equation.

The Dirac equation for a massless particle of spin 3 may be written in the form

L¥=0 L =i(3/8t) ~ yoYaPa Pa = —13/0x4 (3.1)

where v, are the four-row Dirac matrices.

{Qa4} denotes the set of the generators of some Lie group G. Equation (3.1) is by
definition invariant under G if the operators Q4 satisfy the relations

[L,Qal-=FsL (3.2)

where F4 are some operators which are defined on the set of the solutions of equation
(3.1).



750 V I Fushchich and A G Nikitin

A well known example of such operators is the set of Poincaré group generators

Po=H = yoYaPa Pa=p,
Jab = XaPb = XoPa + Sas (3.3)
Joa = Xopa = 3[¥a H]+

where

Xo=1 Sap = %i(')’a')’b - YbYa)-

According to theorem 1, the representation (3.3) may be extended to the represen-
tation of Lie algebra of the conformal group. Substituting (3.3) into (2.4), one obtains
the operators

D =3[x,, P*1.
el ) (3.4)
Ku.=[jy.mx ]++§[Pu, XX ]+

which satisfy the invariance condition (3.2) (where F,4=0) and the commutation
relations (2.5). The operators (3.3) and (3.4) are transparently Hermitian under the
usual scalar product

(¥, W) = j Ex ViV, (3.5)

and therefore generate the unitary representation of the conformal group.
Let us note that on the set of solutions of equation (3.1) the generators (3.3) and
(3.4) may also be written in the usual form (see e.g. Mack and Salam 1969)

P,=p,=ig..(3/3x.) D =x,p"+3
Juo = XuDv — XuPu +%i[7’w v]- (3.6)
KV = 2x,,D —x#x“p., _%X“[YV’ YIJ.]‘_’

which is not, however, manifestly Hermitian.
The Weyl equation for the neutrino,

10¢/3t = a.pad, (3.7)

where o, are Pauli matrices, is equivalent to the equation (3.1) with the Poincaré-
invariant subsidiary condition

(1+iyy)¥=0 Y4 = YoY1Y2Y3- (3.8)

The exact form of the Hermitian generators of the conformal group which are provided
by equation (3.7) may be obtained from (3.3) and (3.4) by the substitution

Po=>TaPa Sas "Ali(a'ao'b —040a). 3.9)

Finally, if P, and J,, are the generators of the irreducible representation of the
Poincaré group in Lomont-Moses (1962) form, then the formulae (2.1) give the
conformal group generators in the form of Bose and Parker (1969).
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4. The additional symmetry of the Dirac equation with mass m =0

Some years ago the new invariance algebra of equation (3.1) was found (Fushchich
1970, 1971); this is different from the algebra of the conformal group generators. The
basis elements of this algebra have the form

EabzSab—%i(YGﬁb_Ybﬁa)(l+7aﬁa) (4 1)
24a=3YaYa +3vaPa(l+ VsP5) '

where
ﬁﬂ'__pdp—l p=(p%+p§+p§)l/2 aab=1’2,3-

The operators (4.1) realise the representation D (3, 0)®D(0, 3) of the Lie algebra of
the group O(4) ~ SU(2) ® SU(2), but do not form the closed algebra together with (3.3),
(3.4) or (3.8). Below we will obtain the 23-dimensional invariance algebra of equation
(3.1), which includes the Lie algebras of the groups C, and U(2)® U(2).

Theorem 2. The Dirac equation (3.1) is invariant under the 23-dimensional Lie
algebra, which is isomorphic to the algebra of generators of the group C,@U(2)®U(2).
The basis elements of this algebra have the form

Po=po=1id/0t P.=p.=-id/dx,
Jab = XaPb ~ XpPa + Sab

iH ) . &
Joa = XoPa — XaPo— 5(1 —1Y4)Ya¥sPs + 20a

D =x,p" +i (4.2)
Ky = (=x,x" +JapSasp "+ D7 Ipu + 2[x + (1= 8,0)(1 = v0)S o5 1D

iOC = %74([311 + Y0SasPs) f-5 =H]/p

$ a6 = 3€asc (H/ P)S0. $e=1 a,bc=1,2,3.

Proof. Let us transform equation (3.1) and the generators (4.2) to a representation
in which the theorem statements may easily be verified immediately. Using for this
purpose the operator

V= V_l =%[1+‘)’0+(1—YO)€achabﬁc] (43)
one obtains
L'¥V=0 Vv'=VV¥
L'=VLV™'=i(/dt)~iyasp
" " 4.4)
P,=VP.V ' =P, ab = VIV =Ju

Joa = VI0aV ™' = Xopa — XaDo+ 317¥07a
D'=VDV ™ '=D=xp*+i

K., =VK, V= —xx"p,+2x,D'
(4.5)
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It is not difficult to be convinced that the operators (4.4) and (4.5) satisfy the invariance
condition (3.2):

(L, P,)-=[L, Jo]-=[L', 2] =[L,2.]=0
[L', K§]-=2i[xo+ (xapa ~Divap 1L’
[L', K.]-=2i(xs +ipaxovas)L'
[L', D] =iL’ [L', Jba)- = YaPal'

and the commutation relations for Qs <{P},, J.., K., D', £.., 1}
[P, P,]-=0 [P, Jix)-=i(guaP = gunPL)
i oo l-=i(8uod ia + 8uad ho — 8urd bo = 8uod )
[P,,D'].=—-iP, K., D]-=iK,;[J..D]-=0
[P, K.]-=2i(J}, -2, — gD
Fin 20d- =180, $00)- =i(guo 2a+ 8o g dlo— g 2in)
21 Pi)-=[8, D'l =[2L., Ki]- =184 Qal-=0.

The algebra (4.6) is isomorphic to the algebra of generators of the group
C.®UR)®U(2). The theorem is therefore proved.

We note that the subsidiary condition (3.8) is not invariant under the trans-
formations which are generated by the operators 3 « Therefore the Weyl equation
(3.7) is not invariant relative to the whole algebra (4.2), but is invariant with respect to
its subalgebra C,.

It should be emphasised that the generators (4.2) belong to the class of nonlocal
integro—differential operators, and therefore one cannot obtain them in the classical Lie
approach.

5. The symmetry of Maxwell’s equations

The Maxwell equations for a free electromagnetic field have the form
pxXE=i3H/at pxH =—i(3E/at) 5.1)
51
p.E=0 p.H=0

where E and H are the vectors of the electric and magnetic field strengths.
Equations (5.1) are invariant under the conformal group. Itis well known that these
equations are also invariant under the transformations (Heaviside 1893, Larmor 1928)
E,»H, H,->-E, (5.2)
and under the more general ones (Rainich 1925)
E,>E,cos 8+H,sin 8
. (5.3)
H,-> H, cos § —E, sin 6.

We now demonstrate that the summetry of the Maxwell equations is more exten-
sive, namely that the equations (5.1) are invariant under the set of transformations
which realise the representation of the group UR2)®U(2) and include (5.3) as a
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one-parameter subgroup. The theorem about such an invariance of the Maxwell
equations in the class of transformations of kind (1.1) and (1.2) had been formulated by
one of us (Fushchich 1974) without showing the exact form of the functions g and A.
Below we give the explicit transformation laws for E, and H,.

Theorem 3. The Maxwell equations (5.1) are invariant under the transformations

H,-» H; =H_, cos 6+ [iDabEbOI -~ fabcﬁb (H. 63+ iDchdoz)] sin 6/ 86 (5.4a)
Ea -> E; = Ea cos 6 + [iDabe01 - Eabcﬁb (Eceg + iDcdeez)] sin 0/0
H,>H, =H, cos A —[i€apcppDcaHsr 1+ DogHar > — E,A3]sin A/A (5.456)

Ea g EZ = Ea COs A + [ieabcpAchdEd/\l +DabEbA2_HaA3] Sin /\/’\
H, _)HZI =H, cos n _eabcﬁbEc sin n
. (5.4¢)
E,»E; =E, cos n+e€aupsH. sinn
H,->H. =exp(i¢)H,
, (5.4d)
E,»>EY =expli¢)E,

where
Doa =[(pap? +paps = P3p?)Bad+ P1P2D3(Psdea + Pebba — paba) L™
L=32[(p} -p3)pi +(p1 —p3)p3 +(p} - p3)pt]"

and where (a, b, ¢) is a cyclic permutation of (1, 2, 3);
A= +Ai+aD)? 9=(6;+63+63)""%

6., As, m and ¢ are real parameters. The transformations (5.4) realise the represen-
tation of the group U(2)®@U(2).

Proof. One can be convinced by the direct verification that
E,H,E, H, E;,H) EY, H, satisfy equation (5.1) as well as the non-trans-
formed vectors E and H, but a more elegant and constructive way, which shows the
method of obtaining the group (5.4) is to transform the equations to a form for which the
theorem statements become obvious.

Let us write equations (5.1) in the matrix form (Fushchich and Nikitin 1977 a,b
Nikitin and Fushchich 1978)

i(6/30)V = aup ¥

03854.pa ¥ =0 -3
where ¥ is an eight-component wavefunction

¥ = column (H,, H, Hs, ¢1, E1, E3, Es, ¢») (5.6)
and a,, S4, are matrices of the form

@y = 2027,
i IS (R BT Ll
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00 0 i 0 0i O 0 -i 0 0

, 1/ 0 0 -i 0 ., 4] 0 0 0 i syt 0 00

T 008 0 0 7204 0 0 0 3200 0 0 i

-0 00 0 -i 0 0 0 0 —-i 0
_‘411 6)
se=(3" s,

00 0 i 0 000 00 00

. 00 0 0 . 0 0 0 i . [0 0 0 0

Sa=10 0 0 o e P S0 0 o0 if

i 0 0 0! 0 -i 0 0, 0 0 —-i 0

A

0 and [ are four-row square zero and unit matrices. The matrices S4, and

§ab = %(§4c + 27":)5 abe
realise the representation D(3, 1) of the algebra O(4). Writing equations (5.5) by
components, one obtains the usual form for the Maxwell equation (5.1) and the
conditions for ¢; and &,:

¢,1=C ¢2=C;

where C; and C, are constants which may be equated to zero without loss of
generalityt.
Using the unitary operator

Sa~a - p
U=exp(—i Pa ton~t —F ) (5.8)
p pi+patps
where
. . S, O
Ba =Pb— Pos p=pr+p5+p3)"%, Sa=<~b . >
O Sbc

one reduces the equations (5.5) to the symmetrical form

o 1
Li®d=0; Li=UL U =i————=(a;+az+a3)p;

at V3

. (5.9)
Lyd=0; L,= UL2U+=\~/—§—(S41 +8S42+S43); d=UV.

The operator (5.8) also transforms the helicity operator S, = Sapap_1 to the symmetrical
matrix form:

US,U" =(S,+S.+83)/V3.

The invariance condition (3.2) for the equations (5.9) takes the form
[L1, Qul-=faLi+faL}

[L3, Q). =faLi+faLs. (5.10)

t The analogous ‘Dirac-like’ formulation of the Maxwell equations (but using a four-component wavefunc-
tion and subsidiary condition different from (5.55) has been proposed previously by Lomont (1958) and
Moses (1958).
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The conditions (5.10) are obviously satisfied by any operator which commutes with the
matrices

A=(a;+ar+as)/V3 and B =(S4+Sa+843)/¥3. (5.11)
We choose the complete set of such operators in the form

Qi =(S1+S,+83)/V3 Q33 =1Q1:0%

Q41 =Y (S5 = S.)*p2(pi ~p>)L ™' /V3. (5.12)

a

, , , , i 0
Qu=-AQL  Qi=A  Qi=oo=(; 7)-
0 1
Of course this is not the only possible basis set of the operators commuting with (5.11).

However, we prefer the operators (5.12) because they are invariant under the permu-
tation

S-S Pa™Ds a,b=1,2,3.
The operators (5.12) satisfy the invariance condition (5.10) {with f,14 = ff‘ =fl=
f.f\ = () and the commutation relations
[Qker Qmnl- = 2i(8kmQin + 8nQitm = SimQim — 81mQkn) (5.13)
[Q5, Qul-=[Qs¢, Qul-=[Qs5, Qs]-=0.
These operators also satisfy the conditions
(Qu)’® = (Q5)*®=(Qe)*® =1, (5.14)

i.e. they realise the representation of the Lie algebra of the group U(2)®U(2) and Qy,
form the representation D (0, 3)® D(3, 0) of the group SUR2)®SU(2).

It follows from the above that equations (5.9) are invariant under the arbitrary
transformation from the group U(2)®@U(2):

&> D' = exp Gi€arc Q0 )P = (cOS 0 +310 "€ 25 QL6 )P

O > " =exp(iQiAa)P = (cos A +iS4ad, sin A/A)P (5.15)
® - " = exp(iQ’s¢)® = (cos ¢ +iQ% sin ¢)d

@ > @" = exp(iQsn)® = exp(in)®.

Returning with the help of the operator (5.8) to the starting ¥ function one obtains from
(5.14) the following transformation laws:

Y->¥ = (cos 6 +2l—0 € apcQap SIN 0)‘If

Yoy = (cos A +I\lQ4a)«‘l sin /\)‘If

. . (5.15)
¥ -> V¥ =(cos n +iQs sin n)¥

Y- ¥ =exp(i¢)¥
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where
Qu=W"'QuW Q=W'Qw A=5,6
012=~lsa13a ) 023=01FA 031=i0’15aﬁaF(5'16)
Qua =5028Dp€a5c Qe Qs=025Ds Qs=1,

F=L_1< ) [(pipf+pﬁp§-pipf)(l—Si)+p1pzp3paSbSc]—pp1pzp3[1—(Saﬁa)zl)-

a#b#c

Substituting (5.6) and (5.16) into (5.15), we obtain the formulae (5.4). The theorem is
proved.

So we have found a new eight-parameter symmetry group of the Maxwell equations
which is given by the transformations (5.4). The main property of such transformations
is that they are carried out by the nonlocal (integro—differential) operators.

It is necessary to emphasise that the transformations (5.4) have nothing to do with
the Lorentz ones, inasmuch as they realise the unitary finite-dimensional represen-
tation of the compact group U(2)@U(2). If A, = A, =0, the formulae (5.4b) give the
Heaviside-Larmor-Rainich transformation (5.3).

The transformations (5.4) are unitary under the usual scalar product (3.5). Substi-
tuting (5.6) into (3.5), we discover that the transformations (5.4) do not change the
quantity

€= J d’x (E*+ H),

which is associated with the full energy of an electromagnetic field.

If the parameters 8,, A,, 7 and ¢ in (5.4) are the complex ones, the transformations
(5.4) realise the representation of the group GL(2)® GL(2). Such transformations also
leave the equations (5.1) invariant, but are, of course non-unitary.

Using therorem 1, we can show that equations (5.5) provide the Hermitian
representation of the Lie algebra of the conformal group. The basis elements of this
algebra have the form

Po=a-p P, =pa
Jab = XaPs — XoPa + Sap = XaPs — XsPa + Pc A
Joa = 1pa — 3 Xa, Po)+ (5.17)
D =3{xa, pa]s — tPo= —3[X,, P*].
Ky =~[Jun X" + 2P XX 1o = Pu(A*+1)/p
where

Xo=xo=t A =%€abcSasPep ™’
Xao=xa+Saopep .

But the generators (5.17) together with (5.16) do not form the closed algebra. The

symmetry of equations (5.5) under the 23-dimensional Lie algebra, which includes the
subalgebras C4 and U(2)®U(2), is established in the following theorem.
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Theorem 4. Equations (5.5) are invariant under the 23-dimensional Lie algebra,
basis elements of which are the operators (5.16) and the generators

ﬁ:xz'pu Jiw=xitpv_xi'pu ) (518)
D=x,p"+i K, =-xx""p.+2x,D

where
X0 =Xo

X =X +[(Ss = S)V3p —p1—ps—p3) + Sapa(¥3pa + 1)
+(po —pc)(S1+S2+ S3){p[3p + ‘/g(Pl +p2+pa))

The proof may be carried out in full analogy with the proof of theorem 2 (but using
the operator (5.8) instead of (3.3)). The operators (5.18) satisfy the algebra (2.2) and
(2.3) and commute with (5.16).

It is not difficult to generalise the statements of theorem 4 to the case of ‘Dirac-like’
equations for massless particles of any spin (Fushchich and Nikitin 1977b, Nikitin and
Fushchich 1978).

We note that the generators (5.16) and (5.17) are nonlocal (integro—differential)
ones. This means that the invariance algebra of the Maxwell equations which we have
obtained in principle cannot be obtained in the classical Lie approach, where, as is well
known, the group generators always belong to the class of differential first-order
operators.
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